106

IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 48, NO. 1, JANUARY/FEBRUARY 2012

Analytical Calculation of Electrodynamic Levitation
Forces in a Special-Purpose Linear Induction Motor
Jacek F. Gieras, Fellow, IEEE, Jacek Mews, and Pawel Splawski

Abstract—A special transverse flux linear induction motor
(LIM) with salient poles and nonferromagnetic secondary in the
shape of a boat has been discussed. The secondary is suspended,
propelled, and stabilized by the electromagnetic field. Equations
of 2-D distribution of the electromagnetic field and force equations
have been derived. A small-scale prototype has been built and
tested. The electrodynamic suspension force obtained from analytical calculations has been compared with measurements. The
obtained results have been critically discussed.
Index Terms—Electromagnetic field, forces, induction motors,
linear motors, magnetic levitation, transverse flux (TF) motors.

N OMENCLATURE
aR , aX
B
bp
bν
d
delm
E
F
f
H
Ielm
Iph
kν
L2
m
p

Coefficients for including nonlinearity and hysteresis
losses of ferromagnetic materials.
Magnetic flux density in teslas.
Width of salient pole in meters.
Coefficient of Fourier series for B.
Thickness in meters.
Distance between cores in meters (Fig. 1).
Electric field intensity in volts per meter.
Force in newtons.
Frequency in hertz.
Magnetic field intensity in amperes per meter.
Electromagnet current in amperes.
Phase current in amperes.
Attenuation coefficient of electromagnetic field in per
meter.
Axial length of the secondary in meters.
Number of phases.
Number of pole pairs.
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R
Relm
Velm
VL
v
v2
w2
Xelm
αν
βν
Φ
κν
σ
τ
τy
μ0
μr
ν
ω

Reluctance for magnetic flux in per henry.
Resistance of a single electromagnet coil in ohms.
Voltage across electromagnet coil in volts.
Line voltage in volts.
Linear synchronous velocity in meters per second.
Linear velocity of the secondary in meters per second.
Width of the secondary bottom.
= 2πf Lelm . Reactance of a single electromagnet coil
in ohms.
= (aR + jaX )kν . Complex propagation constant in
per meter.
= νπ/τ . Constant (real number) in per meter.
Magnetic flux in webers.
1/2
= (αν2 + βν2 ) . Complex propagation constant in
per meter.
Electric conductivity in siemens per meter.
Pole pitch in the x-direction (traveling field) in
meters.
Pole pitch in the y-direction in meters.
= 0.4π × 10−6 H/m. Magnetic permeability of free
space.
Relative magnetic permeability.
Number of space harmonics.
Angular frequency in radians per second.
I. I NTRODUCTION

T

HERE ARE many types of electrodynamic levitation
(EDL) devices [2], [3], [5], [6], [9]–[14]. Transverse flux
(TF) linear induction motors (LIMs) can produce EDL force in
addition to the thrust. In comparison with longitudinal flux (LF)
LIMs, TF LIMs are easy to wound (salient poles), easy to cool
(each coil is wound on a separate core), easy to transport (long
primary unit made of small E- or U-cores), and cost-effective
machines due to less winding and ferromagnetic-core materials
for the same forces in comparison with their LF counterparts.
There were several attempts to use LIMs for noncontacting conveyance of steel plates [1], [11], [14]. A combined
propulsion and lift system using attractive forces produced by
a TF LIM has been proposed in [11]. With the dc-biased ac
feeding to the TF LIM, a steel plate has been stably and efficiently supported [11]. Separate electromagnets for levitation
and TF LIM for conveyance have been investigated in [1]. The
mechanism to generate the thrust was to use the inclination of
steel plate in the magnetic field of an E-shaped ferromagneticcore electromagnet [1]. An image-based online gap-detection
scheme for levitated steel-plate conveyance system in steel
mills has been studied in [14]. Stable operation and low-noise
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Fig. 3. Connection diagram of the primary coils to obtain unidirectional traveling magnetic field along the whole track (primary). Coils are wye connected
with three parallel current paths per phase.

Fig. 1. Suspension of the conductive nonferromagnetic secondary in the shape
of a boat with flat bottom in the magnetic field produced by a TF LIM (cross
section).

Fig. 2.

Production of lateral stabilization forces Fy acting on the secondary.

environment are the main objectives for the industrial steelplate conveyance systems. In this paper, EDL forces [2], [3],
[5]–[7], [9], [10], [12], [13] in a small-scale prototype of a TF
LIM have been analyzed.
II. P ROTOTYPE OF TF LIM
If a flat primary winding, e.g., of a flat LIM, is fed with an ac
current, a conductive paramagnetic or diamagnetic plate will be
suspended above the primary core [2], [3], [5]–[7], [12], [13].
Without any lateral stabilization, e.g., with the aid of additional
windings, the plate will be in the state of neutral equilibrium.
In the case of polyphase excitation, a traveling magnetic
field produced by the primary winding will be moving the
nonferromagnetic plate along the pole pitch overcoming only
the air friction. The normal (suspension) force will be greater
under action of the traveling magnetic field, because eddy
currents are induced in the conductive plate by both transformer
action and linear motion effects. Lateral stabilization forces
will be produced if the conductive plate (the secondary) is
appropriately shaped. It is possible to design the secondary as a
“vehicle” suspended and propelled by the electromagnetic field
of a LIM. Figs. 1 and 2 show the secondary shaped as a boat
with flat bottom of a TF LIM [6], [7], [12].
The primary of the TF LIM consists of 36 electromagnets
with E-shape cores distributed in two rows. The length of the
track is 1450 mm, and its width is 216 mm. The dimensions of
the E-shape cores are as follows: 56-mm height, 84-mm width,
40-mm thickness, 28-mm width of the center leg, 14-mm width
of the external leg, and 14-mm height of the bottom yoke. The
distance between two parallel rows of electromagnets delm =
48 mm. The number of turns per electromagnet is N = 177,
and the diameter of round wire without insulation is 1.3 mm.

Fig. 4. Prototype of TF LIM with electrodynamically suspended secondary.
(1) Primary (electromagnets). (2) Secondary. (3) Main switch and safety switch
box. (4) Solid-state inverter. (5) Control unit. (6) Limit sensors. (7) Blowers.
(8) Frame.

The class of insulation is 220 ◦ C. The current density at 20 A
rms is 15 A/mm2 . A forced air cooling system with an electric
motor-driven blower has been applied. The maximum airflow is
255 m3 /h.
The connection diagram of electromagnet coils is shown in
Fig. 3. There are four coils in series and three parallel current
paths per phase (wye connection), so that the line voltage
√
(1)
VL = 4 3Velm
and the phase/line current
Iph = IL = 3Ielm

(2)

where Velm is the voltage at the terminals of a single electromagnet coil and Ielm is the electromagnet coil current.
The coils in Fig. 3 are wye connected in such a way as to
obtain the traveling magnetic field along the whole length of
the primary. It is also possible to connect the coils to produce
only a pulsating magnetic field (single-phase excitation) or two
traveling fields in opposite directions. Thus, in the second case,
the secondary is kept in the stable center position of the track
[7], [12].
The secondary in the shape of a boat with flat bottom made of
aluminum alloy with an electric conductivity of 25.4 × 106 S/m
at 20 ◦ C has the following dimensions: length L2 = 340 mm,
width of the bottom w2 = 125 mm, thickness of the bottom
d2 = 10 mm, 65-mm height, and sides inclined by 65◦ . All
dimensions have been selected experimentally to obtain the
best lateral stabilization [6]. The prototype of the TF LIM with
electromagnetically suspended secondary is shown in Figs. 4
and 5. The primary is fed from a variable-voltage variablefrequency inverter.
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Fig. 5. Aluminum alloy secondary suspended electrodynamically above the
salient-pole primary (an array of electromagnets).

III. C ONSEQUENCES OF O PEN M AGNETIC C IRCUIT
The E-shaped cores of electromagnets have an open magnetic
circuit. Magnetic flux penetrates through the air above the
active surface of electromagnets. Since the secondary is nonferromagnetic and the equivalent air gap is large, even with the
presence of the secondary, the magnetic circuit of the primary
remains open. The consequences are as follows.
1) The reactive (magnetizing) component of the current is
predominant, and the core loss current can be neglected
(Appendix I).
2) The power consumption by the track (primary) is high
(Appendix II).
3) The current, input power, and power factor practically do
not depend on the presence or absence of the secondary
(Appendix II).
4) The magnetic flux density in the air gap is low and does
not exceed 0.25 T (0.15 T at VL = 300 V).
IV. M AGNETIC F IELD E XCITED BY THE P RIMARY
The normal component of the magnetic flux density waveform in the x-direction excited by the primary system can be
expressed with the aid of Fourier series
bg (x) =

 π 
B0 bν cos ν x
τ
ν=1
∞


Fig. 6. Distribution of the magnetic flux density waveform at the active
surface of the primary in the x-direction for three-phase excitation, VL =
300 V, and f = 50 Hz. B0 = 0.15 T according to measurements.

where bp = 40 mm is the primary pole width (in the xdirection), τ is the pole pitch (τ = 240 mm in the case of threephase excitation), and
βν = ν

The following Fourier coefficient provides the best approximation of the magnetic flux density distribution [5], [7]:



2α
4
1
τ − bp
b(ν) =
sinh(α) sin νπ
π (2α/bp )2 + βν2 bp
2τ


 π
τ − bp
(5)
+ βν cosh(α) cos νπ
sin ν
2τ
2

(6)

is the real constant dependent on the periodic distribution of the
electromagnetic field in the x-direction. The parameter α = 0
if the magnetic flux density over the salient pole has a constant
value along the x coordinate, and α = 1 if the magnetic flux
density over the salient pole changes according to cosh law.
For the three-phase sequence of currents A, −B, C, −A,
B, . . . , VL = 300 V, and f = 50 Hz, the magnetic flux density
waveform traveling in the x-direction at the surface of the
primary system (z = 0) is shown in Fig. 6. According to (1), the
corresponding voltage at the terminals of a single electromagnet
coil is Velm = 43.3 V. The corresponding magnetic flux density
on the surface of the center leg in its central line of the electromagnet (Appendix I) is B0 = 0.15 T. The analytical method
of calculation of B0 is given in Appendix I. The calculated
flux density has been verified with experimental tests (Fig. 17;
Appendix I).
Similarly, the distribution of the magnetic flux density normal component in the y-direction can be found, i.e.,


∞


π
B0 bn cos n y
bg (y) =
τy
n=1

(3)

where ν = 1, 3, 5, 7, . . . represents the space harmonics. The
first harmonic ν = 1 is
π 
x .
(4)
bg1 (x) = B0 bν=1 cos
τ

π
τ


(7)

where the Fourier coefficient [5]

cp
4
6 1
bn =
sinh(α) − 4 3 cosh(α)
τy
c2p + ηn2
ηn bt


ηn
3 1
+ 3 cos ch(α) sin(ηn bt ) + 2
ηn bt
cp + ηn2

1
6 1
+ 3 2−
cosh(α) cos(ηn bt ) ,
ηn bt
ηn
ηn = n

π
;
τy

cp =

2α
;
bp

bt =

τ y − bp
2

(8)

(9)
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tangential and normal components at z = 0, z = d3 , and z =
d2 + d3 , equations of the 2-D electromagnetic field distribution
in the secondary (region d3 ≤ z ≤ d2 + d3 ) are [5], [8], [9]
(3)

Hxν2 = (±j)

×

1 1
1
κν2
Bν bν e∓jβν x
βν
μ3 M (3)
ν3

κν1
cosh [κν2 (z − d2 − d3 )]
κν2
μ1
− sinh [κν2 (z − d2 − d3 )]
μ2

(3)

Hzν2 =
Fig. 7. Distribution of the normal component of magnetic flux density and its
first harmonic at the active surface of the primary in the y-direction for VL =
300 V and f = 50 Hz. See also Fig. 17.



1 1
Bν bν e∓jβν x
μ3 M (3)
ν3

μ1
×
cosh [κν2 (z − d2 − d3 )]
μ2
κν1
sinh [κν2 (z − d2 − d3 )]
−
κν2

(3)

Eyν2 = jων2 μ2 (∓j)

×


(11)

1 1
Bν bν e∓jβν x
βν M (3)
ν3

μ1
cosh [κν2 (z − d2 − d3 )]
μ2
−

(10)

κν1
sinh [κν2 (z − d2 − d3 )]
κν2


(12)

where
(3)

κν2 (2)
μ2 (2)
Mν2 sinh(κν3 d3 )+ Wν2 cosh(κν3 d3 ) (13)
κν3
μ3

(2)

κν1
μ1
cosh(κν2 d2 )+
cosh(κν2 d2 )
κν2
μ2

(14)

(2)

μ1
κν1
cosh(κν2 d2 )+
sinh(κν2 d2 ).
μ2
κν2

(15)

Mν3 =
Fig. 8. Three-layer model for 2-D analysis of the electromagnetic field. (1)
Top layer is air half-space. The thrust is in the x-direction, the suspension force
is in the z-direction, and the lateral stabilization forces are in the y-direction.

where n = 1, 3, 5, 7, . . . represents the space harmonics of the
magnetic flux density distribution in the y-direction and τy =
42 mm is the half period of the magnetic flux density wave.
The magnetic flux density distribution in the y-direction at
the surface of the primary core (z = 0) obtained from calculations according to (7)–(9) and measurements at the input voltage VL = 300 V and frequency f = 50 Hz (one electromagnet)
is plotted in Fig. 7.
In the 2-D analysis of the electromagnetic field, the magnetic
flux density in the y-direction is assumed to be constant.

Mν2 =
Wν2 =

The sign “+” corresponds to the forward-traveling field (ν =
1, 7, 13, 19, . . .), the sign “−” corresponds to the backwardtraveling magnetic field (ν = 5, 11, 17, 23, . . .), Bν is the peak
value of the magnetic flux density at the surface of the primary
(z = 0), βν is the real constant dependent on the periodic
distribution of the electromagnetic field in the x-direction (6),
and κν is the propagation constant (complex in the case of a
conductive medium), i.e.,
κν1 = κν3 = βν

V. E LECTROMAGNETIC F IELD AND F ORCES
1) Equations of Electromagnetic Field Distribution: The
three-layer model for the derivation of the 2-D electromagnetic
field equations is shown in Fig. 8. The first layer 1 is the air halfspace, the second layer 2 is the secondary, and the third layer 3
is the air gap (mechanical clearance) between the primary
and the secondary. The magnetic field in the air is described
by Laplace’s equations, while in the conductive secondary, it
is described by the Helmholtz equation. Assuming that the
primary is with salient poles and using boundary conditions for

κν2 =

2 + β 2 = (a
αν2
Rν + jaXν )kν2
ν

(17)

αν2 =

(18)

aRν

(19)

aXν

jων2 μ0 μr2 σ2 = (aR + jaX )kν2

1 
β4
β2
= √  4 + 4ν + 2ν
kν2
kν2
2

(16)


β4
1 
β2
= √  4 + 4ν − 2ν .
kν2
kν2
2

(20)
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In (10)–(12), the νth harmonic normal component of the
magnetic flux density at the active surface of the primary unit is
described by the following equations:
• for a single-phase (m = 1) TF LIM


+
−
bg (x) = 0.5B0 bν ej(ων t−βν x) + ej(ων t+βν x)
(21)
• for a three-phase (m = 3) TF LIM

+
bg (x) = 0.5B0 bν ej(ων t−βν x) (1 + aν+2 + a2ν+1 )


−
+ ej(ων t+βν x) (1 + a2ν+2 + aν+1 ) .

(22)

The subscript “+” denotes the forward-traveling field (ν =
1, 7, 13, 19, . . .), and the superscript “−” denotes the backwardtraveling magnetic field (ν = 5, 11, 17, 23, . . .). Also
• for forward-traveling magnetic field
Bν+ =

0.5B0 ,
0.5B0 (1 + aν+2 + a2ν+1 ),

if m = 1
if m = 3

(23)

0.5B0 ,
if m = 1
0.5B0 (1 + a2ν+2 + aν+1 ), if m = 3

(24)

• for backward-traveling magnetic field
Bν− =

where m is the number of phases and a = exp(j2π/3).
In (19) and (20), aR = aX = 1 and μr2 = 1 because the
secondary must be nonferromagnetic [5]. For a ferromagnetic
secondary, aR ≈ 1.45 and aX ≈ 0.85 [4], [8], [9]. Complex
propagation constant, magnetic permeability, and coefficients
aR and aX are explained in Appendix III.
The pulsation for the νth space harmonic of eddy currents in
the secondary is
ων2 = ω ± βν v2 = 2πf ± βν v2

(25)

where v2 is the linear velocity of the secondary, and the attenuation factor of the electromagnetic field in the secondary is

ων2 μ0 μr2 σ2
.
(26)
kν =
2
Equation (13) covers all possible methods of feeding of
LIMs. For a dc current, ω = 2πf = 0, v2 = 0, and ων2 =
±βν v2 . For an ac current, ω = 0 and v2 = 0 for the pulsating
field, v2 = 0 and ων2 = ω − βν v2 for the forward-traveling
field, and v2 = 0 and ων2 = ω + βν v2 for the backwardtraveling field (Appendix IV).
2) Electrodynamic Forces: Electrodynamic forces on the
secondary per unit area in the x- and z-directions can be found
using the Maxwell stress tensor, i.e.,
∗
]z=d3
fxν = − 0.5μ0 e [Hzν Hxν

fzν = 0.5μ0

∗
e [0.5Hzν Hzν

−

∗
0.5Hxν Hxν
]z=d3

(27)
. (28)

Hence, the total forces on the secondary
Fx = Ssec
Fz = Ssec

∞

ν=1
∞

ν=1

fxν

(29)

fzν .

(30)

Since only a part of the secondary bottom is under action of
the electromagnetic field, the active surface of the secondary
bottom is Ssec = 2pτ (w2 − delm ) (Fig. 1). The number 2p of
pole pitches τ must correspond to the length of the secondary
L2 in the x-direction. Thus, the equivalent surface of the
secondary bottom in (29) and (39) is Ssec = L2 (w2 − delm ) =
0.34(0.125 − 0.048) = 0.026 m2 , where L2 = 0.34 m, w2 =
0.125 m, and delm = 0.048 m.
VI. C ALCULATIONS V ERSUS T ESTS
The magnetic flux density excited by the primary is a function of the input voltage. The magnetic flux density B0 at the
surface of the primary core as a function of the input rms line
voltage VL has been found in Appendix I. Analytical approach
has been verified with the test data (Fig. 17).
For calculation of the thrust Fx and suspension force Fz
given by (29) and (30), the conductivity of the secondary has
to be corrected by including the temperature effect and edge
effect. The edge effect coefficient [8], [9]
kzν ≈ 1 + 0.5

1 τ
ν Le

(31)

can be found from the distribution of eddy currents in the
secondary. Since the pole pitch for higher space harmonics is
τ /ν, the edge effect coefficient is a function of the number
ν of higher space harmonics. The length of eddy current
paths in the y-direction is Le = 0.5(w2 − delm ) = 0.5(0.125 −
0.048) = 0.039 m. It corresponds to the axial length of a rotor,
e.g., in a solid rotor induction machine. Including both the
temperature and edge effects, the equivalent conductivity of the
secondary (second layer in Fig. 8) is
σ2 (ν) ≈

σAl20

1 + 0.0039(θ2 − 20)

1
1+

0.5 ν1 wτ2

2 .

(32)

The conductivity of aluminum alloy secondary at 20 ◦ C
is σAl20 = 25.4 × 106 S/m, θ2 is the temperature of the secondary, τ = 0.24 m is the pole pitch in the x-direction for threephase excitation, and w2 = 0.125 m (Fig. 1) is the secondary
width in the y-direction. For σAl20 = 25.4 × 106 S/m, ν = 1,
and θ2 = 75 ◦ C, the equivalent conductivity (32) of the secondary is σ2 (ν = 1) = 1.234 × 106 S/m.
Calculations and test results of tangential force Fx and axial
force Fz are compared in Figs. 9–11. The tangential force
Fx has been measured for stationary secondary (velocity v2 =
0 m/s) using a string, pulley, and weighs. For measurement
of the normal suspension force, the weight of the secondary
was adjusted to 23.15 N. Then, the voltage was gradually
increased from 240 to 420 V. The air gap d3 was measured
with the aid of an optical sensor. A temperature sensor was
installed in the bottom of the secondary to keep its temperature
θ2 = 75◦ = const. Measurements are difficult, because tests
must be frequently interrupted not to allow the temperature of
the secondary to exceed θ2 = 75 ◦ C. Two traveling fields in
opposite directions have been excited.
The influence of the temperature on the suspension force
Fz is shown in Fig. 12. In practical control systems with TF
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Fig. 9. Comparison of calculations of the thrust (tangential force) Fx and air
gap d3 with measurements at f = 50 Hz, velocity v2 = 0, and θ2 = 75 ◦ C.
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Fig. 12. Influence of the temperature of the secondary on the suspension force
Fz . Calculation results for V = 300 V rms, f = 50 Hz, d2 = 10 mm, and
d3 = 6.5 mm.

Fig. 10. Comparison of calculations of the suspension force Fz and air gap
d3 with measurements at f = 50 Hz, velocity v2 = 0 m/s, and θ2 = 75 ◦ C.
Fig. 13. Influence of the input frequency on the suspension force. Fz and
input apparent power Sin . Calculation results for V = 300 V rms, θ2 = 75 ◦ C,
d2 = 10 mm, and d3 = 6.5 mm.

Fig. 11. Electrodynamic suspension force as a function of the air gap d3 for
three different thicknesses d2 = 10, 5, and 2 mm of the secondary bottom at
300 V and 50 Hz. Calculation results on the basis of (30).

LIM shown in Figs. 4 and 5, a contactless temperature sensor is
required, e.g., an infrared temperature sensor.
The electric conductivity of the material of the secondary has
a significant influence on the suspension force Fz . On the other
hand, the secondary made of copper (σCu20 ≈ 57 × 106 S/m at
20 ◦ C) is about 3.26 times heavier than the aluminum secondary
of the same size.

In calculation of tangential force Fx and axial force Fz ,
both the fundamental harmonic ν = 1 and higher harmonics
ν = 5, 7, 11, 13, . . . , 103 have been taken into account.
The force density, i.e., the force per mass, for this type of TF
LIM is low. The thrust density, i.e., tangential force per mass, of
the secondary (neglecting the mass of the primary) is fxsec =
4.3 N/kg, and the normal suspension force density is fzsec =
9.8 N/kg. Including the portion of the primary underneath the
secondary (ten electromagnets in two parallel rows), the thrust
density is fx = 0.6 N/kg, and the normal suspension force
density is fz = 1.8 N/kg. The aforementioned force densities
correspond to d2 = 10 mm, d3 = 6.5 mm, f = 50 Hz, VL =
300 V, and B0 = 0.15 T. In electromagnetic levitation systems
(attractive forces), force densities can reach hundred newtons
per kilogram.
The normal force as a function of the input frequency is
shown in Fig. 13. Calculations and measurements have been
done for B0 = 0.15 T = const, constant phase current Iph =
44.65 A, and constant input real power Pin = 4330 W. As the
frequency increases, the apparent power Sin increases, and the
power factor decreases. The theoretical power factor cos ϕ =
0.302 at f = 20 Hz, cos ϕ = 0.187 at 50 Hz, and cos ϕ = 0.059
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Fig. 14. Lateral stabilization force Fy versus line voltage VL at Fz =
23.15 N. Test results for f = 50 Hz, θ2 = 75 ◦ C, d2 = 10 mm, and d3 =
6.5 mm.

at 160 Hz. When the input frequency is doubled, the force Fz
increases more than twice (Fig. 13).
The error in analytical calculation of lateral stabilization
force Fy for the secondary in the shape of a boat using both the
Maxwell stress tensor and Lorentz equation was over 100%.
This was due to the complex shape of the secondary (Fig. 2).
Equations (10)–(12) have been derived for the secondary in the
shape of a rectangular plate. Therefore, only test results of the
lateral stabilization force Fy have been shown (Fig. 14).
The agreement between analytical calculations and measurements of the thrust Fx and suspension force Fz is sufficient
(Figs. 9–11) for the design and calculation of performance
characteristics of special TF LIMs with electrodynamically
suspended secondary. The discrepancy (Figs. 9 and 10) between
calculation and measurements of the air gap d3 corresponding
to given values of Fx and Fz is, first of all, due to a certain error
between the distribution of the electromagnetic field described
by analytical equations (10)–(12) and the true distribution of
the electromagnetic field. Two-dimensional model and physical
simplifications in the analysis can also contribute to errors in
analytical calculations.
VII. C ONCLUSION
Analytical equations for the thrust and normal suspension
forces in a special TF LIM with the secondary propelled, levitated, and stabilized electromagnetically have been derived and
verified experimentally on a small-scale prototype. Comparison
between calculations and measurements shown in Figs. 9–13
confirms an acceptable accuracy of the analytical approach. The
2-D finite-element method (FEM) (MagNet Infolytica) analysis
gives ±10% error between computation and test results. The
FEM analysis results have not been published in this paper.
The higher the magnetic flux density for d2 = const and
d3 = const, the higher the thrust, suspension force, and lateral
stabilization forces.
The suspension force is very sensitive to the temperature of
the secondary (Fig. 12). The suspension force increases with
the input frequency at constant voltage excitation (Fig. 13).
It has been found that the main reason for the secondary
vibration is higher time harmonics produced by the inverter. An
inverter with low content of higher time harmonics is necessary

Fig. 15. Division of the magnetic circuit of the E-type electromagnet into
simple solids.

for vibration-free, noiseless, and stable operation of this type of
the TF LIM.
So far, the prototype of the TF LIM (Figs. 4 and 5) is used
only for education and public awareness of the EDL effect
(teaching at graduate level, university open door, science festivals, exhibitions, science education, amusement parks, etc.).
Precision manufacturing industry and defense forces have
shown interest in TF LIMs with the secondary suspended electrodynamically. One of the possible applications is noncontacting conveyance of paramagnetic and diamagnetic conductive
bodies, particularly plates and slabs where the force density and
energy consumption is not important.
A PPENDIX I
M AGNETIC F LUX D ENSITY E XCITED
BY E LECTROMAGNETS
With sufficient accuracy, the normal component of the magnetic flux density at the surface of the center leg of the electromagnet can be found using the reluctance network approach
[15]. Fig. 15 shows the E-type core of the electromagnet with
the magnetic flux in the open space divided into simple solids.
The reluctance for the magnetic flux of each solid is expressed by the following equations [10, p. 445]:
1) reluctance of the center leg of the core
Rm =

h + 0.5a
μ0 μrc Sg

(33)

2) reluctance of the side leg of the core
Rs =

h + 0.5a
0.5μ0 μrc Sg

(34)

b+a
0.5μ0 μrc Sg

(35)

3) reluctance of the yoke
Ry =
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4) reluctance of a hollow half cylinder on the top of the core
π
R1 =
(36)
μ0 ln(1 + 2a/b)bp
5) reluctance of a solid half cylinder on the top of the core
1
0.26μ0 bp

R2 =

(37)

6) reluctance of a rectangular cube between center and side
legs
R3 =

b
μ0 hbp

(38)

7) reluctance of a hollow half cylinder between center and
side legs
π
(39)
R4 =
μ0 ln(1 + 2a/b)h
8) reluctance of a solid half cylinder between center and side
legs
R2 =

1
0.26μ0 h

(40)

9) reluctance of one quarter of solid shell at top corners
4
R6 =
μ0 a
1
.
0.077μ0 b

(41)

1
1/R1 + 1/R2

(42)

(43)

• for leakage fluxes
R3eq =

1
.
1/R3 + 2/R4 + 2/R5 + 2/R6 + 2/R7

Velm
2
2
Relm + Xelm

R3eq
Rd

(47)

where N is the number of turns, R3eq is according to (44), and

In (33)–(35), μrc is the relative magnetic permeability of the
ferromagnetic core, and Sg = 2abp is the cross section of the
center leg. For dimensions as in Fig. 15, the relative magnetic
permeability μrc in each portion of the core is the same.
Reluctances (33)–(37) are reluctances for the main (useful)
flux, while reluctances (38)–(42) are reluctances for leakage
fluxes. Equivalent reluctances for the flux in the air are as
follows:
• for the main flux
R12eq =

where Relm is the resistance of the single electromagnet coil,
Xelm is its reactance, and Velm is the voltage at the electromagnet coil terminals. The main (useful) magnetic flux as a function
of Velm can be found as
Φg = 2N

10) reluctance of one quarter of sphere at top corners
R7 =

Fig. 16. Equivalent magnetic circuit of a single electromagnet: Φ is the total
magnetic flux excited by the electromagnet coil, Φg is the main useful flux, Φl
is the leakage flux, and N IΦ is the magnetomotive force.

(44)

Reluctances R4 –R7 are at both sides of the core, so that there
is 2/R4 , 2/R5 , . . . in the denominator of (44).
For an open E-type core, the magnetizing current IΦ is
predominant, i.e., the core loss current (active component)
IΦ . Thus, the electromagnet current
IFe

Rd = 2Rm (R3eq +Ry )+(R12eq +Rs )(R3eq +Ry )+Ry R3eq .
(48)
Equations (47) and (48) have been derived using the equivalent reluctance network shown in Fig. 16. The normal component of the magnetic flux density at the surface of the center leg
in its center line
B0 =

Φg
.
Sg

(49)

For VL = 300 V and connection diagram as in Fig. 3, the
voltage√at the terminals of a single electromagnet Velm =
300/(4 3) = 43.3 V, the resistance at 75 ◦ C Relm = 0.543 Ω,
and inductance Lelm = 9.1 mH. Both Relm and Lelm have been
obtained from measurements. It is also possible to estimate
the Lelm = N 2 /Rt on the basis of the equivalent reluctance
network (Fig. 16), where Rt is the total reluctance for the
total magnetic flux Φ (main flux Φg and leakage fluxes Φl ).
At 50 Hz, the measured and calculated magnetic flux densities
magnetic flux density as function of
are B0 = 0.15 T. The √
the line voltage VL = 4 3Velm at 50 Hz is shown in Fig. 17.
Measurements of B0 have been performed using a gaussmeter
with the Hall probe.

Ielm =

2 + I2 ≈ I
IFe
Φ
Φ

(45)

A PPENDIX II
E NERGY C ONSUMPTION

Ielm =

Velm
2
2
Relm + Xelm

(46)

For the connection of the primary coils as in Fig. 3, the
impedance of the primary system per phase with the secondary
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Fig. 19.

Input active power versus line voltage at f = 50 Hz.

Fig. 20.

Power factor cos ϕ versus line voltage at f = 50 Hz.

Fig. 17. Normal component of the magnetic flux density B0 at the surface of
the center leg in its center line (f = 50 Hz).

Fig. 18. Current versus line voltage at f = 50 Hz.

being removed is
Zph =

4
(Relm + jXelm )
3

(50)

where Relm = 0.543 Ω and Xelm = 2π × 50 × 0.0091 =
2.858 Ω are the resistance and reactance of the single electromagnet coil, respectively. There are three parallel paths with
four coils in series per phase (Fig. 3).
The rms phase current Iph , input apparent power Sin , input
active (true) power Pin , and power factor pf = cosϕ are,
respectively
VL
Iph = √
3|Zph |
2
Pin = 3Iph
e[Zph ]
√
Sin = 3VL Iph

pf = cos ϕ = Pin /Sin .

(51)
(52)
(53)
(54)

Steady-state characteristics Iph = f (VL ), Pin = f (VL ), and
pf = f (VL ) obtained from calculations and measurements
for an open magnetic circuit (no secondary) are plotted in
Figs. 18–20.
Since the electromagnets have an open magnetic circuit, the
presence of the nonferromagnetic secondary practically does
not affect the current, input power, and power factor. The
magnetizing current is much higher than eddy currents induced

Fig. 21. Current versus line voltage without and with the secondary at f =
50 Hz. Test results.

in the nonferromagnetic secondary, so that, in practice, the presence of the secondary does not affect the power consumption.
The measured current, input active power, and power factor
cos ϕ with the secondary and without the secondary are plotted
in Figs. 21–23.

A PPENDIX III
C OMPLEX P ROPAGATION C ONSTANT AND
M AGNETIC P ERMEABILITY
For a conductive medium, power frequencies, fundamental
harmonic ν = 1, and 1-D electromagnetic field, the complex
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μ = 1, μ = 0, and complex propagation constant
2jk

α = (1 + j)k =

(59)

since 2j = 1 + 2j − 1 = (1 + j)2 .
A PPENDIX IV
A NGULAR F REQUENCY IN THE P RIMARY AND S ECONDARY

Fig. 22. Input active power versus line voltage without and with the secondary
at f = 50 Hz. Test results.

If the Cartesian coordinate system x, y, z (Fig. 8) moves in
the x-direction with the linear velocity of the secondary v2 =
v(1 − s), where v = 2f τ is the synchronous velocity and s is
the slip for the fundamental harmonic ν = 1, the slip for higher
space harmonics ν > 1 is as follows [9]:
• for forward-traveling field
s+
ν = sν = 1 − ν(1 − s)

(60)

• for backward-traveling field
s−
ν = 2 − sν = 1 + ν(1 − s).

(61)

In the coordinate system moving with the velocity of the secondary, the time–spatial variation of all electric and magnetic
quantities in the secondary is proportional to
exp[j(ων2 ∓ βν x)]

Fig. 23. Power factor cos ϕ versus line voltage without and with the secondary at f = 50 Hz. Test results.

propagation constant has the following general form [4]:

ωμo μrs σ
α = (aR + jax )k = (a2R + 2jaR aX − a2X )
2


a2 − a2X ωμo μrs σ
(55)
= 2j aR aX − j R
2
2
where aR ≥ 1, aX ≤ 1, and k is the attenuation factor of the
electromagnetic field, i.e.,
k=

πf μ0 μrs σ.

(56)

In (56), μ0 is the magnetic permeability of free space, μrs is
the relative surface magnetic permeability, and σ is the electric
conductivity. To take into account magnetic saturation and
hysteresis losses in ferromagnetic bodies, the relative magnetic
permeability has a complex form [4], i.e.,
μr = μrs (μ − jμ ).

(57)

The following relationship exists between aR , aX , μ ,
and μ :


(58)
μ = aR aX
μ = 0.5 a2R − a2X .
For most mild steels, aR ≈ 1.45 and aX ≈ 0.85. For paramagnetic or diamagnetic bodies, aR = aX = 1. It means that

where
• for forward-traveling field
+
ων2

=

ωs+
ν

= βν

• for backward-traveling field
−
ων2

=

ωs−
ν





= βν

ω
− v2
βν

ω
+ v2
βν

(62)


(63)


(64)

and
ω = 2πf =

πv
.
τ

(65)

Please note that the time-dependent factor exp(jων2 ) at both
sides of (10)–(12) has been neglected. The stationary coordinate
system x0 , y0 , z0 and moving coordinate system x, y, z are
linked by the following equation:
v
ω
(1 − sν )t (66)
x0 = x − v2 t = x − (1 − sν )t = x −
ν
βν
while y0 = y and z0 = z.
R EFERENCES
[1] J. S. Choi and Y. S. Baek, “Magnetically-levitated conveyance system
using electromagnets and a linear induction motor,” IEEE Trans. Magn.,
vol. 44, no. 11, pp. 4171–4174, Nov. 2008.
[2] J. F. Eastham and E. R. Laithwaite, “Linear induction motors as electromagnetic rivers,” Proc. Inst. Elect. Eng., vol. 121, no. 10, pp. 1099–1108,
Oct. 1974.
[3] E. M. Freeman and D. A. Lowther, “Normal force in single-sided linear
induction motors,” Proc. Inst. Elect. Eng., vol. 120, no. 12, pp. 1499–
1506, Dec. 1973.

116

IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 48, NO. 1, JANUARY/FEBRUARY 2012

[4] J. F. Gieras, “Analytical method of calculating the electromagnetic field
and power losses in ferromagnetic halfspace, taking into account saturation and hysteresis,” Proc. Inst. Elect. Eng., vol. 124, no. 11, pp. 1098–
1104, 1977.
[5] J. F. Gieras, “Electrodynamic forces in electromagnetic levitation systems,” Acta Technica CSAV, no. 5, pp. 532–545, 1982.
[6] J. F. Gieras, “Influence of structure and material of secondary suspended
electrodynamically on steady performance characteristics of LIM with
transverse flux,” etzArchiv, vol. 6, no. 7, pp. 255–260, 1984.
[7] J. F. Gieras, “Transverse flux electrodynamic levitation system,” in Proc.
Int. Conf. Maglev Transp., Tokyo, Japan, 1985, pp. 207–215.
[8] J. F. Gieras, “Analysis of multilayer rotor induction motor with higher
space harmonics taken into account,” Proc. Inst. Elect. Eng.—Elect.
Power Appl., vol. 138, no. 2, pp. 59–67, Mar. 1991.
[9] J. F. Gieras, Linear Induction Drives. Oxford, U.K.: Clarendon, 1994.
[10] J. F. Gieras, Z. J. Piech, and B. Z. Tomczuk, Linear Synchronous Motors:
Transportation and Automation Systems, 2nd ed. New York: Taylor &
Francis, 2011.
[11] H. Hayashiya, H. Ohsaki, and E. Masada, “A combined lift and propulsion
system of a steel plate by transverse flux linear induction motors,” IEEE
Trans. Magn., vol. 35, no. 5, pp. 4019–4021, Sep. 1999.
[12] P. Hochhausler, “Der Katamaran als magnetisches Schwebefahrzeug,”
ETZ B, vol. 26, no. 3, pp. 412–413, 1973.
[13] B. V. Jayawant, Electromagnetic Levitation and Suspension Techniques.
London, U.K.: E. Arnold, 1981.
[14] C. T. Liu, Y. Y. Yang, and S. Y. Lin, “Development of an automatic online gap-detection scheme for levitated industrial steel-plate conveyance system,” IEEE Trans. Ind. Appl., vol. 44, no. 2, pp. 517–524,
Mar./Apr. 2008.
[15] J. Turowski, Fundamentals of Mechatronics. Łódź, Poland: WSHE,
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