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Abstract - The longitudinal end effect in a linear
induction motor  (LIM) is analysed assuming two
travelling magnetic flux density waves in the airgap:
the wave travelling with synchronous velocity and the
wave representing end effect [1]. A simple equation
for the end effect factor which modifies the airgap EMF
is obtained, and a simple equivalent circuit
incorporating the end effect factor is established. bé‘%
Analysis is compared with measurements from two large-

scale single-sided LIM's. The equation for the end

effect factor is sufficiently accurate to be used for B
design studies of LIMs. Since end effects are
negligible at 1low speeds, the end effect factor has
application for medium and high-speed LIMs.
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1. Formulation of Problem

be{:} 2
Bexpl- .-r-]
The 1longitudinal end effect in 1linear induction =~~r J///, e
motors is caused by the following factors: a\ St .
me TSmanns L
" . I /‘* _______ 'te___
(a) the finite 1length of the laminated primary stack 0 P T 45_33,‘4:——-55
and the abrupt change in the airgap magnetic e G
reluctance at both ends of the machine; . L™
(b) the consequent velocity-dependent nonuniformity §
of the secondary induced current distribution and Fi - T
of the airgap flux distribution along the length — he: Synchrionons Bm351n(;x) wave and the entry

of the machine. X
According to hypothesis and research conducted in T
end effect B ¢ © sin(Tx + §) wave for
Japan [1,2,3], the longitudinal end effect can be me v
interpreted as a superposition of two travelling airgap
magnetic flux density waves:

T8 &
e

~ X value of a damped entry-end wave travelling in the
T H . :
bl e ., T positive x direction with the velocity v =2t f, as.
=B __sin(wt - =x) + B__e sin(wt = =x + &) (1) end g,
b(x,t) ma n(w 1 ) me w e in Fig. 1. The pole pitch for the wave travelling with
synchronous velocity is 1 and is constant. The pole

pitch for the entry-end-wave is Ta and is dependent on
operating conditions. At the front end of the machine,
the entry-end wave is shifted in phase by an angle &
from the wave moving at synchronous velocity, and the

where Bms is the peak value of the wave travelling with
synchronous velocity vy = 2tf, and Bme is the peak

g: zﬁezgzéé Rotatiigpﬁzzzii::;mgzgizgtzzdo;pEEZVEd attenuation constant for this wave is T_. The phase
IEEE Power Engineering Society for presentation at angle is & = §, - 6 according to Yamamura [1], pg 53.
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related to Bme The end effect factor 1is established

according to the equation:

e = - Ems(1 - ke)cOSwt (3)

or Y

(4)

The following assumptions are wused in our analysis
to derive an analytical expression for ke:

(a) the end effect wave is effectively equal to zero
after the distance 2pre, i.e. it induces airgap
EMF only within the distance 0 = x = 2pre.

(b) all magnetic and quantities
sinusoidally with time,

(e) for speeds up to Vo where 0 S v, < Vg the end
effect wave voltage in the primary

electric vary

induces no
winding,

(d) in the limit Te + o and Ty ST the entry-end-
effect the wave travelling with
synchronous veloeity, i.e. Bme = Bms’

(e) the flux linkage for each phase is the same.

wave cancels

The end effect wave is strongly damped along the x

axis [1,4] , so that assumption (a) will always be
valid in practice.
Although, according to assumption (b), all

quantities are considered to be sinuscidally time-
dependent, the developed formulas for magnetic flux and
EMF will be valid for nonsinuscidal time-dependence if
one puts the appropriate form factors for the EMF and
for the ratio of the average to the peak value of
magnetie flux density. For sinuscidal waveforms, these
factors are w/(2/2) and 2/7 respectively.

There is no observed end effect influence on LIM
performance for low speeds [1,4] - assumption (c).
Assumption (d) represents a limiting condition, and is
used to establish an analytical boundary condition.
Assumption (e) establishes the same induced EMF in each
phase winding.

The pole pitch Te > 1, in case of low-speed motors,
implies that the end effect wave travels faster than
the wave moving with synchronous velocity. According
to Yamamura [1], a positive thrust is then produced at
synchronous speed. This effect has
experimentally [5,6], though the magnitude of the
positive thrust at zero slip is very small. In many
e.g. [T7], this positive thrust is counteracted
both by mechanical power losses and by a negative
thrust due to higher space harmonies. For both
designers and users of LIMs, negative forces due to end
effect in intermediate and high speed LIMs are much
more important than the small positive thrust for T, >
T in some low-speed LIMs. Thus, this positive thrust
will be neglected in analysis of the end effect factor.

been confirmed

cases,
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3. EMF Due To Magnetic Flux Density Wave Travelling

With Synchronous Velocity

The instantaneous value of airgap EMF per phase of
the LIM, with stack width L and with effective number
of turns per phase Nkw, is equal to:

T
d L
e, - prkwL dt{[of Bms sin X dx] sinwt}
= - 2nfNk £ LB coswt = -E t (5)
A ns GOS® SO
where p = number of pole pairs, N_ = number of turns
per pole pair per phase, N = number of turns per phase,
k,“T = winding factor, f = input frequency, E:mB = peak
value of EMF induced by magnetic flux density moving

with synchronous velocity.

L. EMF Due To End Effect Magnetic Flux Density Wave

Because the end effect magnetic flux
is damped along the x axis, Fig. 1, the magnetic flux
per pole is different in each interval corresponding to
the half wavelength Tg For the intervals (2k-2)1e 2%
< (2k-1)Te, where k = 1,2,3,... , the following values
of magnetic flux can be established using
assumption (b):

density wave

per pole

(i) for k =1 (i.e. the first pole):

e
Te Te -
¢e1 =L Bme sinwt S e sin ( o s § ) dx
o e
_ le
L Bme sinwt Te
= = [ 1 ®ye ) o« £(8)

:i. w1 Eay

3
-
L]

(ii) for k = 2 (i.e. the third pole):

X
3Te Te
6. =LB _ sinet [ e sin ( T x + ) dx
e3 me T
21 e
B
21 3t
L B_ sinut T, B '?;
3 — (e + g ) - £(8)
L 2
=5 * ( =y )
Te e

(1ii) for k = p (i.e. the penultimate pole):

%
(2p 1)re ﬁ;
= L B sinwt i e sin( I x + §) dx
me T

¢
e2p-1
P (EP—EJTE e



154

) (2p-2)Te (29'1)te
LB
=1_Te(a;nm:2 (e e e e 1. £(8)
Te2 Te
where £(8) = %; sing + E; cos$ (6)

On the other hand, for the intervals (2k—1)re s x %
2kre, where k = 1,2,3, , the following values of

magnetic flux per pole can be established wusing
assumption (b):
(i) for k = 1 (i.e. the second pole)
X
2t Te
¢ . =LB sinuet I e sin ( ¥ x +6) dx
e2 T
T e
Je U Ee
LB sinwt T T
- —T . (¢ %4 €y .t
_15 R )2
: 8 Te

(ii) for k = 2 (i.e. the fourth pole)

X
Nte Te .
th =L Bme sinwt 3] e sin ( ;ex + 6§ ) dx
Te
y
AT T
L Bme s5inuwt Te Te
= - — (e + e )+ £(8)
1 m 2
(L)
B Te
e

RN

(ii1) for k = p (i.e. the last pole)

X
2 el
] = LB  sinut i) e sin ( = x + § ) dx
R 5 (2p-1)t, Te
(29“1]Te ) 2pt,
L Bme sinut Te
e S 1 + e € 1. 18
2 T
Te e
From a physical point of view (flux Dbeing

continuous), it is convenient to assume that the net
magnetic flux associated with the entry-end effect wave
in the interval (2k~2)1e S x £ (2k-1)1_ must be equal
to that in the interval (2k—1)-re g %< 2kre (see Fig.
1). Thus:

el el

093 L 0 (7

¢e2p—1 * 0e2p B

This assumed equality and the damped nature of the end
effect wave implies that the space distribution of
Imagnetic flux in the x direction cannot be sinusoidal.
The analysis of higher space harmonics of a damped
magnetic flux wave due to end effect would be
complicated. Therefore, the following development
considers a flux density distribution that is
sinusoidal within each wavelength ?Té; but in which the
amplitude is damped progressively from wavelength to

wavelength. From equation (7) and the preceding
equations for flux per pole, the following expressions
arise:
_le Jle %
Te Te Te
1 +e = e t e
e e e M
Te Te Te Te
e +t e = g + e (8)
. (2D‘2)1e _ Efg:llig i (2P-1)1§ ) 2pte
'I‘E Te Te Te
e + e * e + e

These equations are clearly not mathematical equalities
and are therefore with the physical
continuity of flux. To force consistency with flux
continuity, the left and right hand sides are balanced,
as follows:

inconsistent

26 . Tg
T i}
2e ¢ . 2e E
N
Te Te
2e = 2e (9)
) (2p-1)te ) (2p—1)Te
TS Te
2e = 2e

This balancing 1is used to define the amplitude of each
progressive wavelength of the damped end effect wave.



The instantaneous value of airgap EMF per phase

induced by the end effect wave is then calculated as
follows:
p -
k=1 P& we
Putting ¢ oK-1 we?k' gives
N Te ke Bme
e = =2f = — kK -— + f£(8) + coswt -
e P T we 1l X 42
T = e
e
L ¥ % e
Te Te Te Te
2(e + e + e + ... toe b (10)

where N o™ number of turns per pole pair per phase for
the end effect wave, kwe = winding factor for the end

effect wave. The right hand side of eguation (10)
holds the geometric series in which the first term is
exp(- X /T ), the common ratioc is exp(- 21 IT ) and the

number of terms is p. Substituting the expression for
sum of exponential terms in equation (10) yields:

. %
T L Bme T
e =-2nf Nk — £(8) + 2¢ °©
1 b 2
= # ( z )
T e
e

pt
sinh ( _?g )
e

coswt = - E__cosut (11)
me

T
) e
p sinh ( T )
e

where Eme = peak value of airgap EMF due to end effect.
The peak value of the magnetic flux density entry-end-
effect wave is approximately equal to Bms’ i.e. Bme =
Bms for x = 0. A precise computation of Bme would
involve developing a complicated function which depends
on the construction, operating conditions and phase

unbalance of the LIM.

5. Total EMF Induced in Primary Winding, and End
Effect Factor

According to equations (2), (3), (5), (6) and (11),
and putting B oy ™ B at x = 0, the following
expression for total EMF induced in the primary winding
can be obtained:

o
)

- V2 E coswt - V2 Es(-ke)coawt

- /2'33(1 - kg )cosut (12)

where:

(i) the rms EMF due to the travelling field of
amplitude B is
ms
2n 2
E, =75 fNk = L tB o (13)
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(ii) the end effect factor then becomes:

T pt PT,
& - B ___
kwe 12 T sinh ( )
ke . mump® = =75 £(8) e (14)
L 2! ( T ) p sinh ( £ )
T e T
e e

The developed expression (14) is the final form for the
new longitudinal end effect factor which can be used in
design of LIMs. The number of turns per pole pair per
phase for the end effect wave is equal to:

T T
e N ‘e
Npe Np b DT (15)
The winding factor for the end effect wave is

determined in a similar manner to that for higher space
harmonics of induction machines, i.e.

(16)

where q = number of slots

per pole per phase, m =

number of phases, and wc = coil piteh.

The pole pitch T and the attenuation constant Te
can be determined using the expressions given by
Yamamura [1]:

2m
LR a7
Egkc
T - (18)
e Cgk v okld
where
== S - |
i 0l d 2! 2
1 HoV %%y WHoTpg ¥ VUAE
C=7 e R o S o B )
cB o8 8
u Vu wy _o0,.d u va
o A% AL
D /EJ(/[ + 16 ( ke ] ch ) (20)

he Fformulae (18), (19), and (20) are valid for
double-sided LIMs with aluminum secondary. The airgap
thickness is g, the secondary thickness 1is d, the
conductivity is o, and the Carter factor is kc' For
single-sided LIMs with a double layer secondary
{aluminum and solid steel), kc(g + d) should be
substituted for kcg and dH' substituted for d, where
dR' is the equivalent thickness of the double-layer
secondary for evaluating the eddy-current resistance.
The equivalent thickness can be estimated from the
electromagnetic field distribution in the secondary in
a way similar to that wused for the double-sided LIM

[8l.
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6. Evaluation of the Angle §

The angle § between the magnetic flux density wave
travelling with synchronous velocity and the end effect
wave can be
following two boundary conditions:

determined by the application of the

(i) Under assumption (c), no end effect exists (ke = Q)
at v=v , where 0 sv < v . Denoting § = 60 for
K = 0, equation (6) becomes:

1 w
T ainﬁo + : coséo =0 (21)
e e

60 is therefore given by:

5, = 180° - tan (1 — ) (22)

If Ve = 0, equations (17), (18), (19), (20), and
(22) yield

5, = 180° - tan | (1) = 1350 (23)

(ii)Using assumption {d), i.e. Eme = Bms for Te >

and T = T it can be shown, from equation (16),

that k =k , and from equation (14) with:
we W

Pt pt
e . e
Te sinh ( Te ]
lim e = 1 and lim - = 1
Te+w e p sinh ( TE )
e

that the end effect factor becomes:

kg = = coss (24)

To have total cancellation of the EMF due to the
magnetic flux density travelling with synchronous
velocity for this limiting condition, the end effect
factor ke should be equal to 1. From equation (13),
this condition is satisfied when:

& = 180° if T + = and k_ =+ 1
e e

Thus, the angle § will be in the range 6§ £ § s 180°.
In practice the highest synchronous speed is 1likely to
be about 150 m/s. At this speed, the angle § is
assumed to be 180° (ke = 1). Hence, we postulate that
the angle & can be approximated by the following
function:

§=6_ +cv (25)

is given by equation (22), and the constant c
is equal to:

where 60

1 e
¢ = 755 tan (o e ) (26)

and V-
v = v for v2v
e ¥.=-v. '8 [¢]
s
v. =90 for vsv
e 0

Test data indicates that LA 0.5 vy for very high
speed LIMs (va = 150 m/s), i.e. ke =0 for v = Vor

7. Equivalent Circuit Including Longitudinal
End Effect

The equivalent ecircuit of the LIM with longitudinal
end effect included is shown in Fig. 2. The impedance
ZE is equal to:

1 = ke
ze S Tk ztot (27)
e
Zg * Z;ec
where ztot = _g__‘__ (28)
Z +
g sec

The airgap (mutual) impedance is Z_, and the secondary
impedance referred to the primary winding is zseel'
The end effect impedance Ze tends to infinity as the

end effect factor tends to zero (at s =1). The rms
EMF calculated from the equivalent circuit is:
Z. Z
_ e tot _
E=1 T (1 ke) Ea (29)
€ tot
hi = Z
where BisE 2. (30)
S —
zprhn
E z z z!
e g sec

Fig. 2 FEquivalent circuit with end effect taken into

account: Zprim = impedance of primary; Zsec'
= impedance of secondary referred to primary;
Z = mutual impedance; Ze = end effect
impedance; I = primary current; and E =
airgap EMF

8. Comparison of Analysis with Measurement

To validate the analytical expression for
longitudinal end effect factor (14), the computed
performance has been compared with experimental results
from two large-scale single-sided LIMs, one tested at
the Canadian Institute of Guided Ground Transport
(CIGGT) at Queen's University [5,6,9] and one tested by
General Electric Company [10]. Both test facilities
use rotating wheels to provide relative motion between
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Fig. 3 Parameters Kg» Tos Te and § versus speed at
constant frequencies and constant current
excitation (I = 200 A): (a) CIGGT LIM;

(b) GEC LIM

rim-mounted guideway components (solid steel with

aluminum cap) and a stationary vehicle module (the LIM

primary). Design data for the LIMs, wused as input

parameters for performance computation, are as follows:
CIGGT LIM GEC LIM

Number of phases, m 3 3

Number of pole pairs, p 3 2

Nominal input current, I 200 A 200 A

Number of primary series

turns per phase, N 108 48

Primary coil pitch, LR 0.1944 m 0.1557 m

Width of primary stack, L 0.101 m 0.1715 m

Pole pitch, 1 0.25 m 0.20 m

Nominal airgap, g 15 mm 18.2 mm

Number of slots per pole

per phase, q 3 3

Secondary width (back iron), w 0.111 m 0.1715 m

Width of aluminum cap 0.179 m 0.2985 m

Thickness of back iron, hsec 25.4 mm 47.37 mm

Thickness of aluminum cap, d 2.5 mm 3.17% mm
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Fig. 4 Thrust versus speed at constant frequency and
constant current excitation (I = 200 A);
calculations according to the authors method:

(a) CIGGT LIM (b) GEC LIM

calculations without end effect
calculations with end effect

+ + + U0 Hz and 300 Hz

° o o 28 Hz and 150 Hz

o o ¢ 18 Hz and 60 Hz experimental results
AAA 11 Hz

X% X 5 Hz

The performance of the LIMs has been calculated for
constant current excitation I =200 A at input
frequencies from 5 Hz to 300 Hz, for comparison with
test results. the program, the
dimensional, four layer model (airgap, aluminum, solid
steel and air) has been used [11]. This includes
variable magnetic permeability, hysteresis 1losses in
the solid steel secondary core, power loss in the
primary stack, saturation of the magnetie circuit,
transverse edge effect, and longitudinal end effect
according to Sections 5, 6 and 7. In accordance with
discussion in Section 6, we take v e where 0 g a
< 1. For both LIMs, a = 0.5 v / 150, with synchronous
speed in m/s. The calculated end effect factor ke
(14), the pole pitch T (17), the attenuation constant
T,» equation (18), and the angle & (26) are plotted as
functions of speed in Fig. 3.

Thrust versus speed curves, are presented in Fig.
b, Thrust calculations including the end effect are
seen to be closer to test results than those obtained
without end effect. For low velocities, 1i.e. for
input frequency f < 18 Hz, the influence of end effect
on the thrust is negligibly small.

For computer two-

=3 v
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As far as the authors are three different
T-type equivalent circuits which include an end effect
factor have been presented in the literature [2,3,12].
The circuits given by [2,12] are related to double-
sided LIMs, and assume the secondary reactance to be
zero. This assumption precludes a realistic comparison
of these methods with the method presented in this
paper. Only the method [3] by Nonaka and Higuchi
contains the full equivalent ecircuit (primary resis-
tance and reactance, magnetizing reactance, secondary
resistance and reactance) for the single-sided LIM.

aware,

These authors introduce two longitudinal end effect
<

factors ke1 < for Re[ztot] and ke2 for Im{Ztot], where

k 3] .

el e2

Comparison of thrust-velocity curves obtained from
Nonaka and Higuchi's method [3] with the test results
is shown in Fig. 5. Figures 4 and 5 show that both
methods predict the same behaviour of thrust due to the
end effect, and give very similar results for input
frequencies of 5 Hz and 11 Hz, i.e. for low speeds at
which the end effect is negligibly small. For higher

frequencies and speeds, the method proposed by the
ai
\ 124 T —r————— —— .
> 2.0
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Fig. 5 Thrust versus speed at constant frequency and
constant current excitation (I = 200 A);
caleculations according to Nonaka and Higuchi's
method [3]: (a) CIGGT LIM (b) GEC LIM

calculations without end effect
calculations with end effect

+ + + U0 Hz and 300 Hz
° o ° 28 Hz and 150 Hz
oa 18 Hz and 60 Hz experimental results

authors gives better results,. The authors method is
also simpler (one end effect factor rather than two)
than that of Nonaka and Higuchi [3].

9. Conclusions

The method of accounting for the longitudinal end
effect, as presented here, is considered to be
sufficiently accurate for the investigation and design

of LIMs. The equivalent circuit, Fig. 3, including end
effect, 1is simpler than those previously proposed
[2,3,12]. The end effect factor, according to

expression (14), depends on the number of pole pairs p,
the angle & between the magnetic flux density wave
travelling with synchronous velocity and the entry-end-
the pole pitch <1, and the pole pitch T
and attenuation constant Te of the end effect wave. It

effect wave,

should be noted that, in developing the end effect
factor, we have not considered exit end effects.
However, longitudinal exit end effects, in general,

produce much less degradation in LIM performance than
longitudinal entry end effects [1] and can reasonably
be neglected.
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