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Calculation of Synchronous Reactances of Small
Permanent-Magnet Alternating-Current Motors:
Comparison of Analytical Approach and
Finite Element Method with Measurements
Jacek F. Gieras, Ezio Santini, and Mitchell Wing

Abstract— The synchronous reactances of permanent magnet
(PM) motors have been determined using: 1) analytical method,
i.e., form factors of the stator field (armature reaction factors),
2) finite element method (FEM), and 3) experimental tests on
a special machine set. The analytical method is widely used
in calculations of synchronous reactances of salient pole synchronous machines with electromagnetic excitation. Rotors of
PM synchronous machines have more complicated structures,
hence it is more difficult to predict accurately the magnetic field
distribution in their airgaps in order to find the form factors of
the stator field. Numerical methods of field analysis can easily
solve this problem. The FEM can predict both the synchronous
and mutual (armature reaction) reactances in the d and q axes.
The leakage reactance can then be evaluated as a difference
between synchronous and mutual reactances. As an example, a
small, three-phase, four-pole motor with SmCo surface mounted
PM’s (three parallel magnets per pole), and mild-steel pole shoes
has been investigated. Such a complicated rotor structure has
been intentionally designed in order to be able to compare the
advantages and disadvantages of the analytical method and the
FEM. In the FEM, the reactances have been calculated using
both the flux linkage and current/energy perturbation method.
Synchronous reactances as functions of the stator current and
load angle obtained analytically from the FEM modeling and
from measurements have been compared.
Index Terms—Analytical approach, FEM, measurements, permanent magnet ac motors, synchronous reactance.

of the magnetic field. This distribution is very helpful to
correctly estimate the form factors of the rotor and stator
magnetic flux densities.
The finite element method (FEM) makes it possible to
find the - and -axis synchronous reactances and mutual
(armature reaction) reactances by computing the corresponding
inductances, e.g., [3], [4], [6], [18]–[20]. It can be done by
using the flux linkage and magnetic vector potential concept or
energy stored in the winding. Recently, two modern FEM techniques in ac machines analysis have emerged: current/energy
perturbation method [7], [8], [15], [23] and time-stepping
analysis [1], [5]. These methods are especially suitable for
transient analysis of converter-fed PM synchronous machines.
The measurement of the synchronous reactances for small
PM synchronous motors seems to be more difficult. There
are several methods for the measurement of synchronous
reactances of medium and large synchronous machines but the
assumptions made do not allow one to apply these methods
to small PM synchronous motors. In this paper a special
laboratory setup is presented for the load angle estimation
of small synchronous motors. The measured load angle, input
voltage, armature current, armature winding resistance, and
power factor allow for finding the synchronous reactances
and
on the basis of the phasor diagram.

I. INTRODUCTION

T

HE accuracy of calculating the steady-state performance
of small permanent magnet (PM) synchronous motors
depends on the accuracy of calculating the synchronous reactances in the and axes. For typical medium power and large
synchronous motors with electromagnetic excitation analytical
methods using form factors of the stator (armature) magnetic
flux density are good enough. Small PM synchronous motors
sometimes have a complicated structure, and numerical or
analog modeling is necessary to obtain an accurate distribution
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II. ANALYTICAL APPROACH
As it is known the - and -axis synchronous reactances
are defined as
(1)
is the -axis mutual (armature reaction) reactance,
where
is the -axis mutual reactance, and
is the armature
and
winding leakage reactance per phase. The reactance
depend on the magnetic saturation due to
sometimes
consists of the slot,
the main flux. The leakage reactance
differential, tooth–top, and end-connection leakage reactances.
Only the slot and differential leakage reactances depend on the
magnetic saturation due to leakage fields. It can be taken into
account using Norman’s method [16].
The analytical approach to calculating the synchronous
reactances is based on the distribution of the stator winding
normal component magnetic flux density. This distribution
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can be assumed to be a periodic function of the stator inner
perimeter or can be found using numerical or analog modeling.
The -axis mutual reactance and -axis mutual reactance are
expressed in terms of form factors of the stator field (armature
and
i.e., [12]
reaction factors)
(2)
is the same as that for a cylindricalThe mutual reactance
rotor synchronous machine
(3)
is the number of stator (armature) phases,
is the
where
is the
permeability of free space, is the input frequency,
is the stator winding
number of stator turns per phase,
factor for the fundamental space harmonic, is the number of
is the effective length of the
pole pairs, is the pole pitch,
is Carter’s coefficient for the airgap, and
armature core,
is the airgap in the -axis. To obtain a saturated synchronous
should be multiplied by
reactance, the equivalent airgap
of the magnetic circuit, i.e., to
the saturation factor
In most salient pole synchronous machines
obtain
with electromagnetic excitation, the magnetic saturation affects
since the -axis airgap is comparatively very large.
only
In some PM synchronous machines the magnetic saturation
and
affects both
The form factors of the stator field are defined as the
ratios of the first harmonic amplitudes-to-the maximum values
of normal components of stator (armature) magnetic flux
densities in the -axis and -axis, respectively, i.e.,

(a)

(b)

(4)
and
The peak values of the fundamental harmonics
of the stator magnetic flux density can be calculated
as coefficients of Fourier series for the fundamental harmonic,
i.e.,

(c)
Fig. 1. Distribution of the d-axis and q -axis magnetic flux density for
rare-earth PM rotors: (a) inset-type PM rotor, (b) surface PM’s, and (c) buried
PM rotor.

(5)
For the distributions of - and -axis, magnetic flux densities
according to Fig. 1, the first harmonics of the magnetic flux
densities are
i) in the case of inset-type PM’s [Fig. 1(a)]

(7)
ii) in the case of surface PM’s [Fig. 1(b)]
(8)

(6)

(9)
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for salient pole synchronous motors with electromagnetic
excitation [12].

TABLE I
REACTION FACTORS FOR PM SYNCHRONOUS MACHINES

III. FEM
A. Approach

iii) in the case of buried PM’s [Fig. 1(c)]

(10)

(11)
expresses an increase
For inset type PM’s the coefficient
in the -axis armature magnetic flux density due to a decrease
to
where
is the
in the airgap [Fig. 1(a)] from
depth of the slot for the PM. Since the magnetic voltage
is equal to the sum of the magnetic
drop across
and ferromagnetic tooth
voltage drops across the airgap
height , the following equality can be written:
Because
, the coefficient of increase in the magnetic
flux density due to a decrease in the airgap is
Of course, when
, then
,
,
It means that the machine behaves as
and
a cylindrical rotor machine. Similarly, for the surface magnet
[Fig. 1(b)], since the relative magnetic
rotor
For the buried magnet
permeability of rare-earth PM’s
and
rotor the -axis armature flux density changes as
[Fig. 1(c)].
the axis armature flux density changes as
is the ratio of the PM or pole shoe
The parameter
to the pole pitch and can also be expressed as an
width
angle.
and
for different rotor configuThe coefficients
and
rations are given in Table I. The last row shows

The two following concepts are the most frequently used in
the FEM computations of the steady-state inductances:
1) the number of flux linkages of the coil, divided by the
current in the coil;
2) the energy stored in the coil, divided by one-half the
current squared.
Both concepts give identical results for linear inductances but
not the same for nonlinear inductances [13].
If the incorrect potential distribution does not differ very
greatly from the correct one, the error in energy is much
smaller than that in potential [21]. Therefore, the steady-state
inductances are often very accurately approximated even if the
potential solution contains substantial errors.
In order to predict accurately the dynamic behavior and
performance of a converter-fed PM brushless motor, one must
have accurate knowledge of values of the self- and mutual
rather then the steadywinding dynamic inductance
[15].
state value
In the early 1980’s, the current/energy perturbation method
of calculating inductances was proposed [7], [8], [15], [23].
This method is based upon consideration of the total energy
stored in the magnetic field of a given device comprising
windings.
In the papers [8], [15] the self and mutual inductance terms
of the various windings have been expressed as the partial
with respect to
derivatives of the global stored energy
These derivatives
various winding current perturbations
can, be expanded around a “quiescent” magnetic field solution
obtained for a given set of winding currents, in terms of
and
in the th and
various current perturbations
th windings and the resulting change in the global energy.
The details are given in [7], [8], [15], and [23]. For the
two-dimensional (2-D) field distribution the current/energy
perturbation method does not take into account the end winding leakage.
For the steady-state conditions a similar accuracy can be
obtained calculating first the synchronous reactance, then
mutual reactance, and finally the slot and differential leakage
reactance as a difference between synchronous and mutual
reactances.
In this paper the inductances will be found on the basis of
flux linkage, Stokes’ theorem, and magnetic vector potential,
i.e.,

(12)
is the magnetic vector potential around the contour
where
The synchronous reactance is when the total flux
or
includes both mutual and leakage fluxes, i.e., the stator
slot, tooth top, and differential leakage flux.
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The magnetic flux through the airgap does not include the
stator leakage, but simply the -axis and -axis linkage flux
or
The first harmonics of these main fluxes give the
mutual (magnetizing) reactances [19], [20]. A combination of
,
, and linkage fluxes
and
will
the total fluxes
give the stator leakage reactance (excluding the end connection
leakage reactance).
, then it follows that the
If the armature current
normal component of the rotor magnetic flux density determines the location of the -axis. A line integral through the
airgap gives the distribution of the magnetic vector potential.
The values of constant vector potential represent flux lines.
Numerical Fourier analysis of this vector potential yields an
analytical expression for the fundamental harmonic, i.e.,
(13)
and
The angle
where
relates to the -axis which is the -axis of the FEM model
since it shows the angle of zero crossing of the magnetic
vector potential through the airgap line contour. This angle is
usually found to be zero due to the symmetry in the machine.
thus
The -axis is related to the -axis by a shift of

B. Synchronous Reactances
In a 2-D FEM model the -axis and -axis synchronous
reactances, respectively, excluding the end leakage flux are

Fig. 2. Phasor diagram of a synchronous motor.

These permeabilities can then be used for the no-load linear
calculation. This ensures that the saturation effect which occur
in the loaded model is not ignored in the no-load results.
C. Mutual Reactances

(14)
and
are the magnitudes of the total fluxes in the
where
and -axis, respectively,
and
are the magnitudes of
the -axis and -axis stator currents, respectively, and is the
input frequency. The -axis and -axis fluxes are obtained from
the combination of the phase belt linkages [3], [4], [6], [18].
According to the phasor diagram for a synchronous motor, the
rotor excitation flux and -axis armature flux are in the same
direction while the -axis armature flux is perpendicular.
The calculation of the synchronous reactances using (14) are
and
, respectively. This is due
sensitive to the values of
to the fact that in the full-load analysis of a PM synchronous
and
both approach zero at different
motor the values of
load angles. The rounding off errors that occur in the FEM,
amplify the error in the synchronous reactance as the armature
current components tend toward zero. The use of a constant
and
, solves this problem.
current disturbance, in both
The synchronous reactances are then
(15)
and
are the changes in flux linkages at
where
the load point in the -axis and -axis, respectively, and
and
are the values of the -axis and -axis stator current
disturbances, respectively.
The magnetic saturation that occurs in the loaded finite element solution should be transferred to the unloaded problem.
This is done by storing the permeability of every element obtained from the loaded nonlinear magnetic field computation.

The -axis and -axis fundamental components of magnetic
flux in the airgap can be derived by performing a Fourier
analysis on the vector potentials around the inner surface of
the armature core. In Fourier series the cosine term coefficient
expresses the quantity of half the -axis flux per pole and
expresses the quantity of half the
the sine term coefficient
-axis flux per pole [20]. Thus, the fundamental harmonic of
the resultant flux per pole and the inner torque load angle
(Fig. 2) are
(16)
This magnetic flux rotates at the synchronous speed
(in revolutions per second) and induces in each phase winding
the following internal EMF:

(17)
The phasor diagram shown in Fig. 2 gives the following
expressions for the -axis and -axis mutual reactances:
(18)
(19)
Armature reaction affects saturation of magnetic circuit at different loads. To take into account this effect another equation
similar to (18) is used [20].
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Fig. 3. Laboratory setup for measuring the load angle  of PM synchronous
motors: TSM — tested synchronous motor, ASM — additional synchronous
motor with the same number of poles as TSM, PM — prime mover
(synchronous or dc motor), B — brake, and DBO — dual-beam oscilloscope.

Fig. 4. Cross section of the tested PM rotor.

D. Leakage Reactance
The armature leakage reactance can be obtained in two
ways:
1) from numerical evaluation of the energy stored in the
slots and in the end connections;
2) as the difference between the synchronous reactance and
armature reaction reactance, i.e.,
or

(20)

In general, the calculation of the end connection leakage
reactance is rather difficult using a 2-D FEM program and
does not bring satisfactory results. For this purpose a threedimensional FEM software is recommended [23].

(a)

(b)

(c)

(d)

IV. EXPERIMENTAL METHOD
A reliable method of measurement of synchronous reactances results from the phasor diagram (Fig. 2). Thus, the
following equations can be written:
(21)
(22)
The -axis synchronous reactance can be found from (21) and
the -axis synchronous reactance can be found from (22), i.e.,
(23)
(24)
It is easy to measure the input voltage , phase armature
per phase, and the
current , armature winding resistance
To measure the load angle
angle
it is recommended to use the equipment [17] as shown in
induced by the rotor flux is assumed to
Fig. 3. The EMF
be equal to the no-load EMF, i.e., at
The terminals of the two corresponding phases of the tested
synchronous motor (TSM) and additional synchronous motor
(ASM) are connected to a dual-beam oscilloscope. The noof TSM and
of ASM operating
load EMF’s
as generators should be in phase. Thus, the same positions
of the TSM and ASM rotors with regard to the same phase

Fig. 5. Magnetic flux distribution (FEM) in the cross section of the tested
motor: (a) at no-load, (b) with load at 10 Nm shaft torque, (c) d-axis stator
flux, and (d) q -axis stator flux.

windings can be found. When the TSM is connected to a threephase power supply and the oscilloscope receives the signals
and
, the load angle can be measured, i.e.,
and
the phase angle between instantaneous values of
Equations (23) and (24) allows for the investigation
and load angle affect
and
of how the input voltage
It is necessary to say that the accuracy of measurement
of the angle much depends on the higher harmonic contents
and
in
V. EXPERIMENTAL VERIFICATION OF
ANALYTICAL APPROACH AND FEM

THE

A. Construction of the Tested Motor
The stator of a small 1.5-kW, 4-pole, 1410-rpm, 380-V,
three-phase, Y-connected, cage induction motor manufactured
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Fig. 6. Distributions of the d-axis and q -axis armature magnetic flux density in the airgap of the tested motor.

by GEC (South Africa) has been selected. The stator consists
of a laminated core made of cold-rolled electrotechnical sheetsteel and a three-phase double-layer winding. There are 36
semi-open slots with the slot opening equal to 2.25 mm. The
and the coil span is
number of turns per phase is
equal to the pole pitch. The stator inner diameter is 82.54 mm
mm.
and the effective length of the armature stack is
The commercial cage rotor has been replaced with a surface
PM rotor with mild-steel pole shoes [10]. The yoke and shaft
have been made of one piece of a solid carbon steel. The
length of the rotor solid core is 100 mm. Three parallel 10mm wide and 5-mm thick surface SmCo PM’s per pole have
been designed as shown in Fig. 4. To reduce the airgap, make
the motor self-starting, and improve its stability, the PM’s have
been equipped with thin mild-steel pole shoes covering 83% of
the width of PM’s. The -axis airgap (mechanical clearance)
mm, the -axis airgap is
mm, and the
is
mm. The PM’s
thickness of the mild-steel pole shoe is
have been magnetized radially.
Fig. 5 shows the magnetic flux distribution through the cross
section of the motor as obtained with the aid of the FEM. The
-axis and -axis magnetic flux density distributions in the
airgap along the pole pitch are plotted in Fig. 6.
B. Analytical Approach
The form factors of the armature reaction can be derived
on the basis of Fig. 6, similarly to those in Section II. For the
surface PM rotor with mild-steel pole shoes the and -axis
form factors are

Fig. 7. Form factors kfd and kfq as functions of
PM rotor with thin mild-steel pole shoes.

= bp = for the surface

mild-steel pole shoes are shown in Fig. 7. For the rotor of the
Then the leakage
tested motor
and armature
reactance
and
reaction reactanes
according to (2), (3), (25), and (26) have been calculated
Hz. For
A the leakage reactance
for
This reduction is caused by the magnetic
saturation due to leakage fields [16]. In order to find the
leakage reactances, classical equations for slot (double-layer
winding), end-connection, differential, and tooth-top leakage
permeances have been used [12].
and
have been obtained with the magHowever,
netic saturation due to the main flux being neglected. Fig. 8
and
plotted against the
shows the mutual reactances
armature current for the analytical approach
The synchronous reactances according to (1) at
Hz,
, and
are
and

(25)
(26)

is evaluated in a similar
The coefficient
in Section II, where
is the
way as the coefficient
is the airgap in
thickness of the mild-steel pole shoe and
axis. For the tested machine
The form factors
and
versus
for the rotor with surface PM’s and

C. FEM
The computation on the basis of the FEM shows that
the mutual reactances are dependent on the armature current
(Fig. 8) which means that the magnetic saturation is included.
Owing to the thin mild-steel pole shoe which is subject to
the magnetic saturation, the -axis mutual reactance is more
sensitive to the armature current than the -axis reactance [see
also Fig. 5(c) and (d)].
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Fig. 8. Xad and Xaq as functions of the rms stator current Ia at f

= 50 Hz. Computation results using analytical approach and FEM.

(a)

(a)

(b)

(b)

Fig. 9. Synchronous reactance Xsd at constant terminal voltage of 220 V
and f = 50 Hz versus: (a) the stator current Ia and (b) the load angle :

Fig. 10. Synchronous reactances Xsq at constant terminal voltage of 220 V
and f = 50 Hz versus: (a) the stator current Ia and (b) the load angle :

The calculation of the leakage reactances has been done
using (20).

E. Comparison

D. Experimental Tests
Experimental tests have been performed using the machine
set according to Fig. 3. It was possible to test the motor only
in the range of the stator current from 5.7–17.5 A. The no-load
current is approximately 5.7 A.

Figs. 9 and 10 show the -axis and -axis synchronous
reactances obtained from analytical, finite element, and experimental methods. In both cases, the FEM results are closer
to the test results than those obtained from the analytical
approach.
The load angle in the range of armature current
A can be both positive or negative. Consequently,
decreases and then increases as the angle
the stator current
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recommended. In this way the difficult problem of laboratory
measurements of
and
for small synchronous motors
seems to be successfully solved.
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